BINOMIAL THEOREM_SYNOPSIS

Greatest term (numerically) in the expansion of (1+x)"

Method 1

Let T, ( The rth term) be the greatest term.

Find T, ,,T,,T,,, from the given expansion.

Put T, >1and T, >1. This will give an inequality from where value or

r+l1 r-1

values of r can be Obtained.Then, find the r th term T, which is the

greatest term.

Method 2
K (n+1)| x|

Find the value of 1| x|
If k is an integer, then T, and T, , are equal and both are greatest terms.
If k is not an integer, then T,,,, is the greatest term, where [K] is the

greatest integral
part of k.

Problem solving:
To find the greatest term in the expansion of (x+y)", write

(x+y)"=x" (1+1j and then
X

find the greatest term in (1+ Xj
X

Middle term in the Binomial expansion
The middle term in the binomial expansion of (x+y)" depends upon the
value of n.

If n is even, then there is only one middle term, i.e., (gﬂjth term.

If n is odd, then there are two middle terms, i.e., (nTJrljth and (nTJr?’jth

terms.




Important points:
When there are two middle terms in the expansion, their binomial
coefficients are equal.

Binomial coefficient of the middle term is the greatest binomial
coefficient.

Pt term from the End in the Binomial Expansion of v+

Pth term from the end in the expansion of &+ ¥)" is ("= P+2)th term
from the beginning.

Properties of Binomial coefficients
In the binomial expansion of (x+y)", the coefficients "C,,"C,,"C,...."C, are
denoted by
Co:C1Co-- respectively.
If n is even, then greatest coefficient = "C_,
If nis odd, then greatest coefficient is "C ,_,,,, or 'C .,




Explanation

By the binomial theorem, we have
(L+X)" ="C,+ "Cx+ "C,x* +...+ "C X"
or @+x)"=C, +CX+CXx* +...+C X"

Putting x = 1, we get 2"=C,+C,+C,+...4C,

Therefore Sum of the binomial coefficients = 2"
4. CotCo+Ci+..=C+Ci+Co+... _on
Explanation
We have, @+9"=C, +CX+C,x* +....+C X"
Putting x = -1, we get
0=C,-C,+C,-C,+C, —...+(-1)"C,
=C,+C,+C,+..=C +C, +C, +...
1 oo
= 2 of the sum of all the coefficients = 2
5 Co—C,+C,—C;+C,—Cs+...+(-1)'C, =0

I
C,/2+C2+C, +...4C? =—(2n)2' =?'C,
6. (n!)
Explanation
@1+Xx)"=C, +Cx+C,x* +....+C X"

Also. X+D"=Cox" +Cx" +C,x"? +...+C

Multiplying (1) and (2), we have
(1+X)" =[C, +Cx+CX* +... +C X" IX[CoX" +C X"+ Cx"* +..+C ]
(3)
Equating coefficients of x" on both sides of (3), we get
#C,=C2+C2+Cl+..+C°

- 2n)!
Hence sum of the squares of coefficients = *'C, = En?))z

2 C2-Cl+C+C/.. Z{O,if nis odd
(-1)"2."C,,,, if nis even

g CCi+CC,+CC, 4.t C,iC, = 7C,

9 CC +CC i +...tCC ="C _ or 'C

10 G +2C, +3C; +..ct nC, = 02"

11 Ci~2C, +3C, —... =0

12.C, +2C +3C, +...+(n+1)C, =(n+ 2)2"*




r

Properties of 'C
If 0<r<n,nreN,then

1 r.”Cr = n.n—lcr_l 2 nCr _ rH—1Cr+l
' ) r+1 n+1
n
nC =_n—1C n —
3. r r r-1 4 Cr _ n-r+1
nCr—l r
"C, r+l
5. Cra N-T SR L R
7 ”CX=”Cy2>X=yOI’X+y=n 8 nC:nC
n/2if niseven
e . r=n_
9. Cris greatest if nTlor n—+1ifn is odd

10. The greatest term in (1+x)*" has the greatest coefficient if
n n+1

—_— X —_—

n+1 n

Multinomial theorem for a positive integral index

If %o %% are real numbers, then for all ne N, (o Xes%)
> n—!xirl.x;Z...xkrk

— hth+Ah=n n ! r !---rk !

r,r,,..r, are all non-negative integers.

Note:
The general term in the above expansion is
n—!xlrl.xirz X
nirtl.r!
The total number of terms in the above expansion is = number of non-
negative
integral solutions of the equation

R+l +.+h =n= n+k_lCn or n+k—le_l

. I I. n . -
The coefficient of x 1.x 2..x ¥ in the expansion of
n n! non e
(X + X+ Fa X ) =—————ata,°.a
rirt.r!

n n!

Greatest coefficient in the expansion of (x, +x, +....+%)" =———— .
@) [(a+D]

Where q is the quotient and r the remainder when n is divided by k.




PROBLEM SOLVING

The number of terms in the expansion of (x+y+2z)", where n is a positive
integer, isw
The number of terms in the expansion of (x+y+z+w)", wherenis a

positive integer, is (n+1)(n+2)(n+3)

Coefficient of ;2" in the expansion of (x+y+2)", is
n!
%M%Y \where n=n,+n, +n,
In the expansion of (x, +x, +.....+x,)", the sum of all the coefficients is
obtained by putting all the variables x, equal to 1 and it is equal to k".
Coefficient of x™ in (1+x")" (m,r and ne N) is zero, if m is not an integral

multiple of r, e.g., coefficient of x'™ in the expansion of (1+x°)*® is 0 as
1,000 is not an integral multiple of 3.

Binomial Theorm for any index

If nis a rational number and x is real number such that |x| <1, then

n(n-1) e n(n-1)(n-2) bt n(n-1)(n-2)...(n—r-1)
I

@+x)" =1+nx+
3! r!

In the above expansion, the first term must be unity. In the expansion of
(a+x)", where n is either a negative integer or a fraction, we proceed as

follows.
(a+x)" ={a(1+1ﬂ =a" (1+1j
a a) —

a" {1+ n §+M(ﬁjz + :l
3 o ) T

And the expansion is valid when |- < 1li.e x| <|a].

X
a

There are infinite number of terms in the expansion of (1+x)", When n is
a negative integer or a fraction.

If x is so small that its square and higher powers may be neglected, then
approximate value of (1+x)" =1+nx.

General term in the expansion of (1+ x)"

The (" +Dt term in the expansion of +X)" is given by
T n(n-1)(n- i)l....(n -r-1) "

r+1

Some Important Deductions from (1+ x)"




Replacing n by —n in (1), we get
n(n+1) 2+ n(n+1)(n+2) X+t (1) nin+)(n+2)..(n+r-1) < 4

. 2 o
=1 n(n+21)(n + i)l....(n +r-1 N

Replacing x by —x in (1), we get
1-x)"=1-nx+ n(r;l—l) N _1;(”_2) X 4t (D) n(n —1)(n—f?...(n— LSV
n(n-1)(n-2)...(n—r +1) § '
r!
Replacing x by —x and n by —n in (1), we get
n(nJlrl) <+ n(n +1;|(n+2) X bt ()" n(n +1)(n+f')...(n+ r-1) N

@+x)" =1-nx+

T

Tr+1 = (_1)r

@A-x)"=1+nx+

n(n+)(n+2)...(n+r-1) N

Tr+1 = (_1)l' rl

Some useful expansions
1. @) =1-x+ X =X o+ (D X+

o Q=) =Ll x+ X+ A X
3. (@+X)7 =1-2x+3x" =4 + .+ (D) (r +)x" +...
4

(1) =14 2x 3 A A L (P DX+

1+ %) =1-3x+6x>-10x* +....+ —1'wx'+...
c (1+x) >

1-x)° =1+3x+6x2+10x3+....+wxr +..
5 (1-x) >




BINOMIAL THEOREM_ASSIGNMENT

If C,.C,.C,......C,are the coefficients of the expansion of (1+x)", then the value of

n Ck R
> is
T~ k+1
2" -1 M1
n n+1

a) 0 b) d) None of these

Larger of 99% +100%* and 101® is
a) 101 b) 99% +100% c) Both are equal d) None of these

The greatest coefficient in the expansion of (x+y+z+w)*is

| | |

a) is b) % C) iz d) None of these
31(41) (31)°4! 21(41)
The sum of the series 3. 20. IS
r=0 r

a) 2 -1 5 b) 2+ X 20 c) 2t d) 22

2 (:10 2 (:10
n +1C2 + 2[2C2 +3C2 +4C2 F v + nCZ] =
a) w b) @ c) w d) None of these
If A= 2 2ng, +2ng 201, +2Ng, 20 -2, + .. then A'is

0

a) 0 b) 2" c) n2*" d) 1

The greatest integer which divides the number 101'*° -1 is

a) 100 b) 1,000 c) 10,000 d) 1,00,000

2003
If {x} denotes the fractional part of x, then {217 } is
a) 2 b) & ) 2 q) 16
17 17 17 17
If [x] denotes the greatest integer less than or equal to X, then [(6/6 +14)*""]

a) Is an even integer b) Is an odd integer c) Dependsonn d) None of these




10.

11.

12.

13.

14.

15.

16.

17.

18.

The number of distinct terms in the expansion of (xs +1+i3j ;xeR"andneN is
X

a) 2n b) 3n c)2n+1 d)3n+1
The sum to (n + 1) terms of the series o GG Gy is
2 3 4 5
a) L b) 1 C) 1 d) None of these
n(n+1) n+2 n+1
The integral part of (8+3v7)" is
a) An even integer b) An odd integer C) Zero d) Nothing can be said

Let R=(5V5+11)>" and f =R—[R] where [] denotes the greatest integer function. Then
Rf =

a) 2> b) 2 c) 4 d) None of these

(n+)p+(n-1)q _
(n-)p+(n+1)q

a) ngn b) [%jn c) [EJM d) None of these

If p is nearly equal to g and n > 1, then

The sum i(lioj[ 20_}, (where (Sj =0 if p > q) is maximum when mis....

m-—iI
a) 20 b) 15 c) 12 d) 10
The number of integral terms in the expansion of (24/5+%7)*? is....

a)105 b) 104 c) 108 d) 107

If the fourth term in the expansion of [mﬂm jﬁ is equal to 200 and x > 1, then x
isequal to ....

a) 10 b) 15 c)5 d) 20

The number of rational terms in the expansion of (1++/2+3/5)° is

a) 13 b) 15 c) 19 d) 7




19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

Let neN and n<(v/2+1)°. Then, the greatest value of n is .....
a) 197 b) 193 €)185 d) 183

The coefficient of x®in the expansion of (1+2x+3x%)* is

a) 300 b)308 c) 312 d) 316
The coefficient of x* in the expansion of (1+3x? +X4)(1+§j iS.......
a) 232 b) 226 c) 220 d) 217

n log38
If the last term in the binomial expansion of (2”3—ij is (ij , then the 5" term

\/E 35/3
from the beginning is.......
a) 0.21 b) 21 c) 210 d) 2100

The coefficient of x* in the expansion of (1+x+x*+x*)" is

a) 975 b) 985 c) 990 d) 995

The coefficient of the term independent of x in the expansion of

10
Xx+1 x-1 is
2B _y3 11 x— 2

a) 210 b) 110 c) 310 d) 410

The coefficient of x*y’z° in the expansion of (x+y+12)" is
a) 2520 b) 25.2 c) 2.520 d) 0.2520

If Q+x+x*)" =a, +ax+a,X* +....+a, x", then a,+a,+a; +....=

a) 3" b) 3" c) 3 d) None of these
&+&+&+&+ ..... =
1 3 5 7
n n-1 n
a) 2 b) 2 c) 2 d) None of these
n n+1

If 1+x)*=C,+Cx+C,x*+...+C,.x**, then the value of C,+2C, +3C, +....+14C,. iS
0 1 2 15 2 3 4 15

a) 219923 b) 16789 c) 219982 d) None of these




29.

30.

31.

32.

If a,,a,,a,,.....,a,, be the coefficients in the expansion of (1+x+x*)" in ascending

powers of x, then a>-a’+a,”-a] +...—a,, " +a,,° =

a) a,, b) a, C) a, d) None of these
The coefficient of x*in the expression (1+x)'* + 2x(1+x)** +3x*(1+ x)*® +.....+1001x"*
is

a) 1000C50 b) 1001C50 C) 1°°2C50 d) None of these

The sum of the series " (-1)"."C, {i+ S 1 .15
r=0

o F-‘:—F-‘:-F—l- ..... tomterms} IS

1 1 L1
a) —2 ) — 2" c) —2" d) None of these
™1 2" 1 2" 1

If (1+x)"=C,+Cx+C,x*+...+C x", then for neven, C?-C?+C,*—...+(-1)"C,* is equal
to

a) 0 b) (-n™*"C,, c) "C., d) None of these

10




KEY SHEET

1)c

11)d
21)a

31) B

2)a

12)b
22)c

32)B

3)a

13)c

23)c

4)b

14)c

24)a

5)a 6)c 7)c

15b  16)c  17)a

25)a 26)c 27)c

8)c
18)d

28)a

9)a

19)a

29)b

10)c

20)c

30)b




